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Abstract
Probability of reflection R(E) off a finite attractive scattering potential at zero or low energies is
ordinarily supposed to be 1. However, a fully attractive potential presents a paradoxical result that
R(0) = 0 or R(0) < 1, when an effective parameter q of the potential admits special discrete values.
Here, we report another class of finite potentials which are well-barrier (attractive-repulsive) type
and which can be made to possess much less reflection at zero and low energies for a band of low
values of q. These well-barrier potentials have only two real turning points for E ∈ (Vmin, Vmax),
excepting E = 0. We present two exactly solvable and two numerically solved models to confirm
this phenomenon.
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I. INTRODUCTION
Ordinarily, the reflection probability R(E) of a particle of zero (extremely low) energy
incident on a one-dimensional potential which converges to zero asymptotically is found to be
1: R(0) = 1, the single Dirac delta and the square well potentials are the simplest textbook
examples [1]. This observation is also intuitive, for a zero-energy particle the tunnel effect is
negligible such that the transmission probability is close to zero. A paradoxical phenomenon
that R(0) = 0 or R(0) < 1 has been revealed and proved as a threshold anomaly [1-5] for
a potential which is at the threshold of binding a state at E = 0. This paradoxical result
may be understood in terms of wave packet scattering from an attractive potential. A wave
packet with zero average kinetic energy, localized to one side of the potential, will spread in
both directions. When the low energy components scatter against the potential, they are
transmitted and this would appear simply as wave packet spreading preferentially to the
other direction.
First Senn [2] used an attractive double Dirac delta potential (DDDP) to demonstrate
this paradoxiacal reflection. Nogami and Ross [3] separated two cases: symmetric and
asymmetric scattering potentials, to show R(0) = 0 and R(0) < 1), respectively. Next
Kiers and van Dijk [4] concluded the same in n−channel one dimension scattering from
symmetric and asymmetric potentials. In these works DDDP has been used as a convenient
and amenable model to demonstrate the paradoxical reflection at zero energy.
Recently, the paradoxical reflection has been shown to exist in the most simple square
and exponential wells [5] which are symmetric. Low reflection at low energies has also been
discussed. The connection of R(0) = 0 with half bound state (HBS) of these potentials has
been discussed well. An HBS can be defined as n−node state at E = 0 such that the wave
function satisfies the Neumann boundary condition that ψ(±∞) =constant and there exist
n number of bound states at energy E < 0. In distinction to bound states, we denote the
solitary HBS of a potential as ψ∗(x), see figs. 1(a) and 3. Since these two potential wells
are symmetric the result R(0) < 1 could not be encountered (we got R(0) = 0). In a crucial
comment to Ref. [5], van Dijk and Nogami [6] emphasized the occurrence of R(0) < 1 in
non-symmetric DDDP model. Interestingly, we found this comment [6] useful to visualize
asymmetric DDDP (λλ˜ < 0 in [6]) as a well barrier potential.
In this note we present the phenomenon of low reflection at zero or low energies when
the well barrier system possesses n-node HBS, interestingly n could also be zero then the
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HBS will be node less. We present, the exactly solvable DDDP and Scarf II [7] potentials.
We also present two numerically solved models of well and barrier potentials to demonstrate
low reflection at low energy and R(0) < 1.
II. TWO EXACTLY SOLVABLE WELL-BARRIER SYSTEMS
In order to bring out the conditional existence of R(0) < 1 and its connection with HBS,
we first discuss two exactly solvable models: Double Dirac delta potential (DDDP) and Scarf
II [7] potentials.
A. Double Dirac delta well barrier potential
DDDP [1-5] is depicted in Fig. 1(a) by solid line and it is written as
V (x) = −U1δ(x) + U2δ(x− a), U1, U2 > 0 (1)
Let us define 2µUj/h¯
2 = uj. This potential is known to have one bound state if u1a > 1.
The reflection amplitude r(E) of a general DDDP has been derived [3] which for (1) can be
written as
r(E) = −2ik(u1e
−ika − u2eika) + 2iu1u2 sin ka
(2ik + u1)(2ik − u2)e−ika + u1u2eika , R(E) = |r(E)|
2. (2)
r(0) becomes indeterminate 0/0, but the limit of |r(E)|2 as E → 0 equals 1. The
zero energy solution of Schro¨dinger equation can be written piece-wise as ψ∗(x ≤
0)=A, ψ∗(0 < x < a)=Bx+ C, ψ∗(x ≥ a)=D. Matching these solutions and mis-matching
their derivative at x=0 and a, we get A=C, B= − u1A, Ba + C=D, − B=u2D. The
eliminnant of these linear equations gives the condition for the existence of HBS at E = 0
in DDDP (1) as
u2 =
u1
1− u1a, u1a < 1, u2 > 0. (3)
Then, under the condition of half bound state (3), from Eq.(2) we get
lim
E→0
R(E) =
∣∣∣∣ u21a2 − 2u1au21a2 − 2u1a+ 2
∣∣∣∣2 << 1. (4)
In Fig. 1(b), we show R(0) as a function of u1 for three values of a = 0.5 (dotted), 1 (solid)
and 2 (dashed), here u2 satisfies the HBS condition (3). In Fig. 1(a), see the zero energy,
piece-wise zero-curvature nodeless HBS.
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FIG. 1: The simplest Dirac delta well-barrier system (solid line) in (a) and the nodeless half bound
state ψ∗(x) at E = 0 in dashed line, when 1/u2 − 1/u1 = a (3) is met critically and we get
R(0) << 1. In (b), R(0) is plotted as a function of u1, when a is kept as 0.5 (dotted), 1 (solid)
and 2 (dashed) and u2 satisfies the relation (3). Notice that when the well and barrier are nearer
(a is smaller) R(0) is lesser.
B. The versatile Scarf II well-barrier potential
The versatile Scarf II potential [7] can be written as
V (x) = (s2 − q2 − q)sech2x+ s(2q + 1)sechx tanhx (5)
The elegant forms of the reflection and transmission amplitudes of this potential have been
derived in terms of Gamma functions Γ(z) of complex arguments. Using various properties
these functions we can derive the transmission T (E) and reflection R(E) probabilities as
T (E) =
sinh2 pik cosh2 pik
(sinh2 pik + sin2 piq)(sinh2 pik + cosh2 pis)
R(E) =
sin2 piq(sinh2 pik + cosh2 pis) + sinh2 pik sinh2 pis
(sinh2 pik + sin2 piq)(sinh2 pik + cosh2 pis)
(6)
It is interesting to check that when q is not an integer we get ordinary result that T (0) = 0
and R(0) = 1. But if q is an integer, we get
lim
k→0
T (E) = lim
k→0
sinh2 pik cosh2 pik
sinh2 pik(sinh2 pik + cosh2 pis)
= sech2pis (7)
and
lim
k→0
R(E) = lim
k→0
sinh2 pik sinh2 pis
sinh2 pik(sinh2 pik + cosh2 pis)
= tanh2 pis << 1. (8)
They satisfy R(0) +T (0) = 1, but R(0) < T (0) (7,8), for small values of s, is paradoxical,.
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FIG. 2: R(0.01) as a function of q for Scarf II potential (s = 0.2), notice that when q takes values
around an integer, R(0.01) is much less and even lesser than R(0) = tanh2 pis (dashed line) in (a).
In (b) we plot R(0.01) as a function of s for three different values of q close to integers as 1.01
(solid), ±0.03 (dashed) and 1.97 (dotted). Dot-dashed line is R(0) = tanh2 pis (8) (when q is an
integer). Notice that in a band of small q values (q < 0.1), we have R(0.01) << 1
For this potential the bound state eigenvalues are given as [8]
En = −(n− q)2, n = 0, 1, 2, 3, ...[q], q /∈ I. (9)
ψn(x) = i
n(1 + y2(x))[(−q/2) tan
−1 y(x)] P(is−q−1/2,−is−1/2)n (iy(x)), n = 0, 1, 2, ..[q]. (10)
We find that, if q is an integer then ψn=q(x) becomes the critical solitary HBS ψ∗(x) of the
Scarf II potential (5). Here y(x) = sinhx and Pα,βn (z) are Jacobi polynomials.
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FIG. 3: Half bound states in three cases of Scarf II potential (5), when s = 0.2; (a): q = 0, (b): q =
1, (c): q = 2, with zero, one and two node respectively. In each case R(0) = tanh2(pis) = 0.31013.
Notice that all three are well-barrier systems with barrier height decreasing from (a) to (c) for
x > 0. Interestingly, if q is not an integer but close to an integer, R(0) becomes 1, dramatically.
5
III. TWO NUMERICALLY SOLVABLE WELL-BARRIER SYSTEMS
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FIG. 4: R(0.01) (Solid) for anti-symmetric square well-barrier system (Dashed) when u1 = u2 = u0
and the distance a between well and barrier is varying as 2, 0 for (a), (b) repectively. Due to anti-
symmetry there is a band of low q values (q < 0.5) and nowhere else where the R(0.01) << 1 and
when this distance decreases the band of q values increases. Here, q = w
√
u0 and w is the fixed
width of the both well and barrier.
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FIG. 5: R(0.01) (Solid) for asymmetric sin-squared well-barrier system (Dashed), when u1 = u0 = 1
and the barrier height(u2 = ηu0) is reducing as, (a): η = 1.5, (b): η = 0.1. When barrier height
decreases the band-width of small q values(q < 0.5 in (a) and q < 1 in (b)) reduces and for very
small barrier height there will be low reflection around a large q value (see (b)). Here a = 1.
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We would like to conclude that we have presented two exactly and two numerically
solved well-barrier scattering potentials which normally give R(0) = 1, however, when their
parameters attain critical values, we observe: R(0) < 1 or even R(0) << 1. In these cases,
the potential possesses E = 0 as n-node half bound states (n = 0, 1, 2, ...), consequently
there are n number of bound states. Also in these cases, we get low reflection at low energies
which is paradoxical. Quantum tunnelling is classically non-intuitive, the low reflection at
low energies is even more so.
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